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ABSTRACT 


In this paper we introduce the notions of nearly regular topological spaces 
of the first kind and the second kind and studies their properties. A number 
of important theorems regarding these spaces have been established. the 
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1. INTRODUCTION 

This is the fourth in a series of our papers. The first, the 
second and the third such papers has appeared in 
2018([13],[14],[15]). Regular topological spaces form a 
very important and interesting class of spaces in topology 
.The class of p-regular spaces is an example of 
generalization of this class ([8],[10]). Earlier, regular and 
normal topological spaces have been generalized in 
various other ways. p-regular, p-normal, Bp -normal and 


-normal spaces ([7], [8], [9], [10], [11]) are several 
examples of some of these. 


In this paper we shall introduce a number of new 
important generalizations of regular spaces. We shall 
provide examples of such spaces and establish some of 
their important properties. The generalizations to be 
introduced by us in this paper is nearly regular topological 
spaces of the first kind and the second kind. 


We have used the terminology and definitions of text book 
of S. Majumdar and N. Akhter [1], Munkres [2], Dugundji 
[3], Simmons [4], Kelley [5] and Hocking-Young [6]. 


We now define nearly regular spaces of the first kind 
and proceed to study them. 


2. Nearly Regular Spaces of the First Kind 
Definition 2.1: A topological space X will be called nearly 
regular of the first kind (n. r -f. k.) if there exists a 


nontrivial closed set Fp such that for eachxe X, x€é F,, 
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there exist disjoint open sets G and H such that x € G and 
Eee i. 


Example 2.1: Let X = R,3 = ({R,@, (1,2), (1,2)°}UA = 
((x}lx € R—(1,2)} U B= {R- fy y2}l € (2), 2 € 
(1,2)°}) 


Here (1,2) is a closed set Fo. The points of A are the only 
points disjoint from Fo. Each of these points can be 
separated from Fo by disjoint open sets. Letxe A 
then {x} and Fp are desired open sets. Then X is n. r. f. k. 
but not regular. 


Let F= (1,2)°—[{x,} Uw... U {x,}], x; € (1,2)° 
=(1,2)° nN [fx } UU... U {x, }]° 


Then F is closed, x, ¢ F. x, and F cannot be separated by 
disjoint open sets. 


Theorem 2.1: Every regular space is nearly regular space 
of the first kind but the converse is not true in general. 


Proof: Let X be a regular space. Let Fo be a closed subset of 
X and letxe X such thatx€ Fa: Now, since X is regular, 
there exist disjoint open sets G and H such that x€ Gand 
F, GC H. Therefore X is nearly regular space of the first 
kind. 
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To see that the converse is always not true, 
let 
X ={a,b,c,d,e}, 3={X,®, {a,b}, {a,b,e},{e},{a,b,c,d}} 


Then (X,3) is a topological space in which the closed 
sets of X are X, ®, {c,d,e},{e},{a,b,c,d}, {c,d}. 


The closed set{a,b,c,d} and e can be separated by 
{a,b,c,d} and {e}, but the closed set{c,d,e} and a 
cannot be separated by disjoint open sets. Thus (X,3) is 
nearly regular space of the first kind but not regular. 


Theorem 2.2: A topological space X is nearly regular 
space of the first kind if and only if there exists a closed set 


Fo such that for each xe X with x€ Fay there exists an 


open set Gsuch thatxe G CGC F,. 


Proof: First, suppose that X is nearly regular space of the 
first kind. Then there exists a closed set Fo in X such that 


for each xe X withx¢ Fy, there exist open sets G and H 


such thatxe G,F, CHandGOH =@ . It follows 


thatG C H° C F,*. HenceG CG c HUSH, ..The, 


xeGCGCF,. 


Conversely, suppose that there exists a closed subset Fo of 
X such that for each xe X with x¢ F.,,, there exist an 


open set Gin X such that re GQ GC Fe. Let G_=H. 
Then H is open, GX H =@ and x€ G and Fy CH. 


Hence X is nearly regular space of the first kind. 


Theorem 2.3: Let {X , } be a non-empty family of 


ie] 

topological spaces, and let X= I] xX, be the product space. 
iel 

If X, nearly regular of the first kind, for each i, then X is 


nearly regular of the first kind. 


Proof: Since each X , is nearly regular of the first kind, 
there exists, for each i, a closed set F; of X; such that for 
each x, € X, with x, € F, there are open sets Ui, V; in X; 


such that, € U., PCy ,; U,0V,=¢ 


Let =| ]F . Then F is closed in X. Let x€ X such that 
iel 

x¢ F. Let x = {xi} . Then there exists io such that 

Xig é F,.. By (1), there are open setsG,, H, inX, 

such that x, € G,, F, Cc H,, G,, Of, = @. For each 


JEL, J Fig, letG , and H , be open sets in Xx; such 
thatx,€ G,, F, CH,.thenG=[ |G, H=[]A, 


iel iel 


are open sets in X such that x©€G, F CH and 
GOH =@. Therefore, X is nearly regular space of the 
first kind. 


Theorem 2.4: Let {X , } be a non-empty family of 


lel 

topological spaces, and let X= I] xX, be the product space. 
iel 

If X is nearly regular of the first kind, then at least one of 

the X;’s is nearly regular of the first kind. 


Proof: Let X be a nearly regular space of the first kind. 
Then there exists a closed set F in X such that for every 


xe X ,x¢ F,, there are open sets U and V in X such that 


xe€U andF CVandUNV=@. Let, for each 
i€1,7,(F) =F, where, : X — X,is the projection 


map. Then each F; is closed in X;. For eachi€é J, let 
x, € X, be such that x, ¢ F, .Letx ={x,}.Thenx¢ F. 


Since X is nearly regular space of the first kind, there are 
open sets G and H in X such thatxe€ G,F CH and 


GOH =@ .Leta,(G)=G,, 7,(H) =H,. Then G, 
and H; are open in Xi, for eachie J. SinceG OH =@ 
there existsiy € Zsuch that G, OH, =@. Clearly, 


x, €G,, F,, CH,,. Hence X, is nearly regular of the 


q 


first kind. 


Theorem 2.5: Every subspace of a nearly regular space of 
the first kind is nearly regular space of the first kind. 


Proof: Let X be a nearly regular first kind space and Y a 
subspace of X. Since X is nearly regular first kind space, 


there exists a closed set F' in X which can be separated 


from each point of X which is not contained in F. 


Then for each ye YC X, y¢ F, there exist open sets 


Ui, Uz in X such thatye U,, F CU, with 
U, AU, =@ . Leth) =YOF . Then F, is closed in Y 
and clearly y¢ Fy .Also let V, =¥YOU,, V, =YOU,. 
Then Vi and V2 are disjoint open sets in Y where ye V,, 


Fy CV, .Hence Y is nearly regular space of the first kind. 


Corollary 2.1: Let X be a topological space and A, B are 
two nearly regular subspaces of X of the first kind. Then 


AQ B is nearly regular space of the first kind. 


Proof: AM B being a subspace of both A and B, ANB 
is nearly regular space of the first kind by the above 
Theorem 2.5. 


Theorem 2.6: Let X be a nearly regular T1-space of the 
first kind and R is an equivalence relation of X. If the 


xX 
projection mapping p:X > R is closed then R is a closed 


subset of XXX. 
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Proof: We shall prove that R° is open. So, let(x, y)e R°. 
It is sufficient to show that there exist two open sets G and 
H of X such that xe Gand ye AH and GXHCR‘. For 


that p(G) A p(H) = @. Since(x, y)e R°, p(x) # ply) 
ie; XE p (p(y). Again, since {y} is closed, and since p 
is a closed mapping, p(y) is closed and since p is a 
continuous mapping, Pp! (p(y))is closed. So by the nearly 
regularity of X of the first kind, there exist disjoint open 
sets G and U in X such that xe Gand p(p(y)) CU 
Since p is a closed mapping, there exists an open set V 


containing p(y) such that p (p(y) ag (V) ey 
Writing p'(V) = H , we have GXHC R*. 


Corollary 2.2: Let X be a nearly regular T1-space of the 


xX 
first kind. R is an equivalence relation of X and p:X > R 


X 
is closed and open mapping. Then R is Hausdorff. 


xX 
Proof: Since p:X > R is closed, by the proof of the above 
Theorem 2.6, R is a closed subset of XXX. Let p(x) and 


p(y) be two distinct points of R Therefore (x, y)¢ R. 

Since R is a closed subset of XXX, there exist open sets G, 
H in X such thatxe Gand ye A and GXHCR‘. So 
p(x)e p(G), ply)e p(H). Since p is open, p(G) and 


x , ¢ 
p(H) are open sets of R and since GXHCR’, 


Xx 
D(G)2 p(A) = @.Thus a is Hausdorff. 


We now define nearly regular spaces of the second 
kind and proceed to study them. 


3. Nearly Regular Spaces of the Second Kind 
Definition 3.1: A topological space X will be called nearly 
regular of the second kind (n. r. s. k.) if there exists a 


point X) € X such that for each nontrivial closed set F in 
X with X) € F , there exist disjoint open sets G and H such 
thatx, € GandF CH. 


Example 3.1: Let X, be a point in R” such that for every 
closed set F in R”, X) € F . Since R® is i {x, fis closed 


and since IR” is normal and F is closed, {x} and F can be 


separated by disjoint open sets. Thus R" is nearly regular 
of the second kind. 


Example 3.2: The Example 2.1 of n.r. f. k. is not n. r. s. kK. 
The closed sets of the form: 


(1,2), (1,2)9IR - {xp 0 Xn, [LVL2}- 


Letz €R. Let F={y1,y2}. If z € (1,2), then z and F can be 
separated by disjoint open sets. 


If z€ (1,2), then z = y2 for some R —{yi,y2}e€ B. So, z 
cannot be separated from F={y1,y2}. 


Theorem 3.1: Every regular space is nearly regular space 
of the second kind but the converse is not true in general. 


Proof: Let X be a regular space. Let X) be a point in X 


and let F be a closed subset in X such that X, € F. Now, 
since X is regular, there exist disjoint open sets G and H 
such that X)€GandF CH. Therefore X is nearly 


regular of the second kind. 


To see that the converse is always not true, 
letX =R J=(C{R, , {xp} {xp} PU{n+1)s|neE 
N}, xo € N) 


Let x») €(no, not+1). The closed sets are finite unions of {x9} 
and (n, n+1),n EN. x9 and (no, no+1) are separated by 
{xo} and {xp}°. Thus Xis n.r.s. k. 


But X is not regular. Because if x=5, and F=(5, 6), then F is 
closed and x¢ F.. But x and F cannot be separated by 
disjoint open sets. 


Theorem 3.2: A topological space X is nearly regular 
space of the second kind if and only if there exists a point 


X, in X such that for each nontrivial closed set F in X with 


XE F, there exists an open set G_ such that 


x €GCGCF., 


Proof: First, suppose that X be a nearly regular space of 


the second kind. Then there exists a point X) € X such 
that for each nontrivial closed set F in X with X,) éF, 
there exist open sets G and H such that X%) € G,F cH 


and GOH =@.It follows thatG CH° CF’. Hence 


GCGCH’ CF *.thus, mEGCGCF’. 


Conversely, suppose that there exists a point X, in X such 


that for each nontrivial closed set F in X with Xj éF, 
there exists an open set G such that 1» EGCGCF*. 


Let Ge H. Then H is open, GM H= @ and Xo € Gand 


F CH. Hence X is nearly regular space of the second 
kind. 


Theorem 3.3: Let 1x. hy be a non-empty family of 

topological spaces, and let X= I] X, be the product space. 
iel 

If X, nearly regular of the second kind, for each i, then X is 


nearly regular of the second kind. 
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Proof: Since each X, is nearly regular of the second kind, 
there exists, for each i, a point x; in Xj such that for each 
closed subset Fiin Xiwith x, ¢ F; there are open sets Uj, Vi 
in Xi F,cV,, U,OV,=¢ 


such thatx, € U,, 


Let r-[]F . Then F is closed in X. Let xe X such that 
iel 
xé@ F. Letx={x,} . Then there exists io such that 


x, € VF By (1), there are open sets G,, ; A, in X;, 


q 


such thatx, € G,, F, CH,, G, OH,, =@.For each 

JET, J #iy, letG,and H ; be open sets in X, such 

thatx, € G,, F, CH,.thenG=[[G, _H =[|4. 
iel iel 

are open sets in X such that xe G, F CH and 


GOH =@. Therefore, X is nearly regular space of the 
second kind. 


Theorem 3.4: Let {X , } be a non-empty family of 


ie] 

topological spaces, and let X= I] X, be the product space. 
iel 

If X is nearly regular of the second kind, then at least one 

of the X;’s is nearly regular of the second kind. 


Proof: The proof of the Theorem 3.4 of the above is almost 
similar to the proof of the Theorem 2.4. 


Theorem 3.5: Any subspace of a nearly regular space of 
the second kind is nearly regular space of the second kind. 


Proof: The proof of the Theorem 3.5 follows from the 
proof of the Theorem 2.5. 


Corollary 3.1: Let X be a topological space and A, B are 
two nearly regular subspaces of X of the second kind. Then 


AO B is nearly regular space of the second kind. 


Proof: The proof of the Corollary 3.1 of the above is 
almost similar to the proof of the Corollary 2.1. 


Theorem 3.6: Let X be a nearly regular T1-space of the 
second kind and R is an equivalence relation of X. If the 


xX 
projection mapping p:X > R is closed. Then R is a closed 


subset of XXX. 


Proof: The proof of the Theorem 3.6 is most similar to the 
proof of the Theorem 2.6. 


Corollary 3.2: Let X be a nearly regular T1-space of the 
second kind. R is an equivalence relation of X and p:X 


xX xX 
> R is closed and open mapping. Then R is Hausdorff. 


Proof: The proof of the Corollary 3.2 follows from the 
proof of the Corollary 2.2. 


Theorem 3.7: Every metric space is both n. r. f. k. and n. r. 
s.k, 


Proof: Since every metric space is regular, therefore, it is 
nr. f.k. and n.r.s.k. 
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